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ABSTRACT be computed as follows:

- A)dA,
eters of multivariate mixed Poisson distributions. The clas- exp (=Ae)f(X)

sical maximum likelihood approach cannot be used for such

distributions since they cannot be expressed in simple closed- )

form. This paper studies an estimation strategy based onVherek = (ki ..., k4) andX = (Ay, ..., Aa). Some prop-

the maximization of a so-called composite likelihood crite- €rties of multivariate mixed Poisson distributions (MMPDs)

rion. This strategy is compared to a more classical estimator"ave been recently reported in [4]. In particular, conditions

based on the method of moments. ensuring that MMPDs belong to an exponential family have
been derived. This result is important since the maximum
likelihood estimator is known to have interesting properties

1. INTRODUCTION when the observations have a distribution belonging to an

exponential family. Unfortunately, conditions on the mix-

Univariate mixed Poisson distributions have received much 'Y Qensny ensuring that MMP.D.S belong to an expongnUaI
family are generally too restrictive. This paper studies a

attention in image processing applications (see for instance A _
[1], [2] and references therein). These applications include composite likelihood ap_p_roach to estimate the parameters
active imaging, where the image is obtained from a scene iI-Of MMPD? vv_hen_ the mixing distribution is a multivariate
luminated with laser light [3], or astronomy, where low-flux Ggmma d|s_tr|but|on_.

images are recorded by using photocounting cameras [2]. A.Thls paper is organized as fO!IOWS' _Sectibngcalls some
univariate mixed Poisson distribution is the distribution of |mportant resu_lts on mL_JIuvarlate mixed P_0|s§on_ distribu-
a random variabléV such that the conditional distribution t!ons. The main prope_mes Of the c_ompo_sr[e likelihood es-
of N |\ is a Poisson distribution with parametefdenoted timator are explained in se_ctldh _S|mulat|on results and
asN|\ ~ P(N)). The parameteh is also a random vari- conclusions are presented in sectidrnds.

able (called intensity) whose distribution is referred to as

d
This paper addresses the problem of estimating the param- PN = k) = //H (Ae)™e
!
R /=1 Fe!

structure distribution [1, p. 3] or mixing distribution. When 2. MMPDS GENERATED BY GAMMA
X has an absolutely continuous distribution definedRon INTENSITIES
(whose probability density function is denotediés)), the o o
probability masses oW can be written: 2.1. Multivariate Gamma Distributions
- A polynomial P(z) with respect tez = (21, ..., z4) is said
PI(N = k) = / Pr(N = k|A) f(\)d, to be affine if the one variable polynomial — P(z) can
0 be writtenAz; + B (foranyj = 1,...,d), whereA and
oo \k B are polynomials with respect to th¢'s with ¢ £ j. For
- /O geXp(_/\)f()‘)d)" @) anyq > 0 and for any affine polynomiaP(z), a multi-

variate Gamma distribution dRi with shape parameter
Multivariate extensions of mixed Poisson distributions are and scale parametd?(z) (denoted asy, p) is defined by
naturally constructed from a joint intensity distribution its Laplace transform [5]:
p(A1, ..., Ag) defined orRi. The corresponding masses can U, o (2) = [P(2)] 7, 3)

This work was supported by the CNRS under MathSTIC Action No. ON an appropriate domain of eXiSter‘_Ce (note that the affine
80/0244. polynomial has to satisfy the conditioR(0) = 1). De-



termining necessary and sufficient conditions on the pair

(¢, P) such thaty, p existis a difficult problem. The reader
is invited to look at [5] for more details.
This distribution has been used intensively in optics [2]

3. COMPOSITE LIKELIHOOD ESTIMATOR

A composite likelihood is a combination of valid likelihood
associated to marginal or conditional events. The concept

or image processing [3]. Indeed, the complex wave-front of composite likelihood has been widely studied in the lit-
amplitude is generally modeled as a zero mean circular Gaugrature (see [7], [8] and references therein) since the sem-
sian vector in these applications. Consequently, the vectorinal paper of Lindsay [9]. Usual composite likelihoods in-
containing the square modulus of the complex amplitudesclude the marginal likelihood, the pairwise likelihood [9]

is distributed according to multivariate Gamma distribution
(with ¢ = —1).

2.2. Negative multinomial distributions

For anyq > 0 and for any affine polynomiaP(z), a nega-
tive multinomial distribution’lN -~ NM, p on N9 is defined
by its generating function [6]:

“(ir+)

with the obvious conditior?(1) = 1. Determining neces-
sary and sufficient conditions on the p&ir, P) such that
NM,, p do exist is a difficult problem (see [6] for more de-
tails). Note that, for any affine polynomié,

= [P(2)]"", (4)

Pl(zl,...,zd) = P(a1Z1 +b1,...,adzd —‘y—bd)

is also an affine polynomial, for any real numbef%s and
b;’s.

2.3. MMPDs generated by multivariate Gamma distri-
butions

The moment generating function of an MMRE® expresses
as:

d d
E <H z{fk> =F (H E(z,iv’“/\k)> ,
k=1 k=1
:’lﬁ)\(zl—].,...,zd—].),
:¢>\(Z*1)7 (5)

where, (z) is the Laplace transform of the intensity dis-

and the Besag’s pseudolikelihood [10]. The composite like-
lihood estimator is obtained by maximizing the correspond-
ing composite likelihood. The advantage of using compos-
ite likelihood instead of standard likelihood is to reduce the
computational complexity of the optimization procedure.
As a consequence, it allows to handle very complex mod-
els, even if the full likelihood cannot be expressed in closed
form. This is the case when multivariate mixed Poisson dis-
tributions are studied since the joint masse&NPr= k)
cannot be generally computed easily by using (2). This sec-
tion studies a composite likelihood estimator based on the
pairwise likelihood of an MMPD governed by a multivari-
ate Gamma distribution.

3.1. Definition

Considem time seriesN = (N ... N®)) whereN®
is distributed according to a MMPD defined &f. The
maximum likelihood estimator of the unknown parameters
0 = (q,pi;) (wherep,; are the coefficients of the polyno-
mial P) requires to optimize the masses of a multinomial
distribution defined by its moment generating function (5).
This problem is complicated since it is difficult to obtain
a tractable expression of the masse§NPr= k) from (5).
As an alternative, we consider the log-likelihood associated
with pairwise(N;i, N}) (corresponding to théth time se-
ries) 4

11(0) = log PAN! = ki, Nj = k}).

The composite log-likelihood for théh time series is de-

fined as follows
LIND o) = > w " (6),
1<j<k<n

tribution. Eq.’s (3,4,5) show that the MMPDs associated to Wherew;; is an appropriate weight for the p&iv;, N;).

the Gamma distributiong, p are thenegative multinomial
distributions NM, p, with Pi(z) = P(z — 1). The un-

The composite log-likelihood associated to théme series
Y, , calledpairwise log-likelihoogican then be expressed as

known parameter vector associated to these negative multi- n

nomial distributions will be denoted &= (q,p), where

q is the shape parameter of the intensity Gamma distribu-

tion andp is a vector containing all coefficients of the affine
polynomial P(z). As an example, fod = 2, the polyno-
mial P can be written as

P(z) = 14 p121 + p222 + p1221 22,

with p = (p1, p2, p12)”.

I(N;0) = 1,(YD;6). (6)

i=1
This paper proposes to estimate the unknown parameter vec-
tor 8 of an MMPD with moment generating function (5) by
maximizing the pairwise log-likelihood (6).
Note that other composite log-likelihood functions (for the
ith time series), have been considered in the statistical liter-
ature:



e The Marginal Loglikelihood These properties result from the structure of the composite
marg [ nr (i) P score function which is a linear combination of score func-
N5 0) = Z w; log P(NG = k), tions associated with valid log-likelihoods [7, 8, 9, 10].
1<j<n

wherew; is a suitable weight for thgth component 4. SIMULATION RESULTS

N;. This composite log-likelihood is the product of

univariate marginal distributions. Consequently, itis Many simulations have been conducted to validate the pre-
generally easy to compute. However, such distribu- vious theoretical results. This section presents some exper-
tion does not contain any information regarding the iments obtained with an intensity vectardistributed ac-
covariances ofV; and N;. Thus, it does not seem  cording to a multivariate Gamma distribution. The covari-
interesting for our problem. ances between the different componenta bhve been ad-

e The Pseudo Loglikelihood justed as follows:

Another variety of composite log-likelihood, often re- coV( Ay, A) plF=t, @)
ferred to asBesag's pseudologlikelihooid defined ) ) )
by: wherex means proportional to. This covariance structure
is well suited to spatial data since the covariance between
(NG 0) = > wilog PUN; = Kj|N})), different observations vanishes when the distance between
1<j<n these observations increases. This parametrization has also

the advantage to require only one unknown parameter
Generation of intensities

The generation of the intensities has been performed as fol-
lows:

where N/ denote all the components of* except
the jth one. The probability R/ = k’;|N[ij]) pro-
vides the distribution of thgth component ofV con-
ditioned upon the others componentd¥f(this prob-
ability is weighted by w;). This composite e simulateq independent multivariate Gaussian vectors
log-likelihood function has shown interesting prop- of R denoted as\, ..., X, with means); and the
erties for Markov random fields. However, its expres- following d x d covariance matrix:

sion in the case of MMPDs is more complicated than il

the pairwise log-likelihood. C=(Cij)icijca = (PT>1<ij<d,

As explained above, the choice of a composite likelihood for ] ]

a practical application is generally motivated by two points: ~ ® compute theith component of the intensity vector as

1) the composite likelihood has to depend on the parame- Ak = ¢ D1<icy(XF)?, whereX [ is thekth compo-

ters to be estimated, 2) the computational complexity corre- nent of.X;.

sponding to the composite likelihood should be as reduced;; ;s well known that the random vectdr — (A, )

as possible. obeys a multivariate Gamma distribution whose marginals
are univariate Gamma distributions ¢ 1« where¢ = 2.

3.2. Properties Moreover, the covariance matrix of can be computegl as

The derivative of a composite likelihood is called a compos- follows:

ite score function and is denoted b 1 s
" Z) BQWN) == Y Y BIXD X)),
oy 9L 1<i<p1<j<p
U(N;0) = 50
The composite likelihood estimator is classically obtained

by solving the following estimating equations: E(X)?(XD)?) = E(XF)HE(XD?) =1, Vi#j.
U(N;6) =0. Moreover,

It is well known that these equations yield a consistent es- k\2(vl)2) kyl k oyl k\2 12
timator of the unknown parameter vectrunder appro- E(XD7 (X)) 2E|,E§Z‘ X BXEXG) + BIXT)) B,
priate regularity conditions and provided of course that the =2p +1,

pairwise log-likelihood depends @H{11]. Moreover the re-
sulting estimator is asymptotically normal with meand
covariance matrix expressed as:

iE(aUngD)E(UUWGNﬂKNMﬂ)E(aUSZ#D>? coWAbAnzzsz4|:§pW4h

The independence between vectars . .., X, yields

for 1 < i < ¢. The covariances afAx, \;) can be finally



This result is in good agreement with (7). geometrical Nelder Mead Simplex method (MATLAB func-

Generation of the MMPDs tion fminsearch.m) . It is important to note that this method

It is then possible to generate the MMPD veciércondi- does not require costly gradient computations.

tionally upon), asN|A ~ P(A). Itis important to note  In order to appreciate the interest of the proposed composite

that the distribution ofV is governed by only two parame- likelihood method, the unknown parametérand p have

ters¢ andp. also been estimated by the classical method of moments.
This method is based on the following equations:

4.1. Marginal Distribution of (N;, N;)

var(N;) =1+¢, V1<i<d,
The MMPD of N is a negative multinomial distribution (as il o
shown in section 2.2). As a consequence, the marginal dis- COV(Ni, Nj) = p*71¢, Visi#zj<d
tributions of the pairgN;, N;) are negative binomial distri-

) g - . The first equation allows to estimagavhereas the parame-
butions whose moment generating functions can be written: 9 & b

ter p can be obtained by using the covarianceg8QvN;).
NN (1—a)(l—b)—c —p Note that several methods have_ been implemented to_ esti-
E (zl 'z; J) = [ . (8) mate p. Methods based on weighted log-log regressions
1 —az —bzj + (ab - c)ziz; do not yield better estimation than estimates constructed
from the lag-one pairwise. This can be explained by the
fact that non-neighboring observations are less informative
in our model. As a result, giving too much importance to
non-neighboring pairwise leads to bad estimations.
The first simulations show the mean square errors (MSES)

Note that the parametejsa, b, c (of RT) have to satisfy
the constraint < (1 —a)(1 —b). By expanding into Taylor
series the right hand term of (8), the masse@¥f IV;) can
be expressed in closed form as:

PHN; =m,N; =n) = a™"((1 —a)(1 = b) — c)? of the estimated parametefsindp for two different corre-
- lation structuresd = 0.5 andp = 0.8) as a function of the
min(m,n) b . .
ok cm—k ok (ﬁ) ) number of time series. The number of Monte Carlo runs
x kZ_O atk=1Ygtm—1"g+n—1  ,p is 50 for figures 1 and 2 and00 for figures 3 and 4. The

other parameters for this example are- 0.8, ¢ = 8 (hence
The model parametets b, c andp can then be expressed as ¢ = 1/4) andd = 12. The triangle curve corresponds to the

a function ofp andé¢: estimator of moments whereas the circle curve corresponds

o to the composite likelihood estimator. These figures show
R €2(1 — pli=aly the interest of the composite likelihood approach, which is
C1 426 4+ £2(1 — pli-ily’ much more efficient for this problem than the moment meth-

g2 pli=il 1 ods, especially for small values ofnumber of time series).

CcC = P 3 p = —

(1 +20+&(1—pl jl)) ¢ Figures 5 and 6 compare the theoretical asymptotic vari-
ances of the composite likelihood estimates (provided in

4.2. Parameter Estimation section 3.2) with the estimated variances (obtained f56m
Eq. (9) shows that the marginal distribution(df;, ;) de- rl\:l}gz'ie Carlo runs). The results are clearly in good agree-

pends on the model parametérand p via a, b, ¢ andp. . S .
As a consequence, the composite pairwise log-likelihood The exact and estimated distributions of the estima

(6) seems to be interesting to estimate the parameters ofS are@splayed in figures 7 and 8. The histograms have been
the MMPD associated tV. Note again that the proper- obtained fron2000 Monte Carlo runs (the other parameters

ties given in section 3.2 (including consistency and asymp- aren = 5_000_ andp_: 0'.5)' '_I'hese _flgur_es show that the
totic normality) are satisfied for MMPDs. The simulations asymptotic distribution given in sectig2 is valid forn =
presented in this paper have been obtained with uniform5000‘

weightsw; = 1, Vi = 1,...,n, so that all pair§N;, N;)

uniformly contribute to the composite likelihood. How- 5. CONCLUSIONS

ever, other strategies might also also be interesting. For

instance, appropriate weights could be chosen in order toThis paper has studied a new strategy for estimating the pa-
mitigate the influence of pairs between non-neighboring ob- rameters of multivariate mixed Poisson distributions (MM-
servations (which should be less informative in the frame- PDs). The proposed methodology is based on the maxi-
work of spatial data). This strategy might reduce the op- mization of an appropriate composite loglikelihood crite-
timization complexity. The optimization procedure used to rion. Simulation results have shown that this method outper-
minimize the negative composite log-likelihood is the direct forms the classical method of moments for MMPDs. Future
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